We numerically examine the spatial evolution of the structure of coherent and partially coherent laser beams, including the optical vortices, propagating in turbulent atmospheres. The influence of beam fragmentation and wandering relative to the axis of propagation (z-axis) on the value of the scintillation index (SI) of the signal at the detector is analyzed. These studies were performed for different dimensions of the detector, distances of propagation, and strengths of the atmospheric turbulence. Methods for significantly reducing the scintillation index are described. These methods utilize averaging of the signal at the detector over a set of partially coherent beams (PCBs). It is demonstrated that the most effective approach is using a set of PCBs with definite initial directions of propagation relative to the z-axis. This approach results in a significant compensation of the beam wandering which in many cases is the main contributor to the SI. A novel method is to generate the PCBs by combining two laser beams -Gaussian and vortex beams, with different frequencies (the difference between these two frequencies being significantly smaller than the frequencies themselves). In this case, the effective suppression of the SI does not require high-frequency modulators. This result is important for achieving gigabit data-rates in long-distance laser communication through turbulent atmospheres.
Introduction
Laser beam scintillations caused by atmospheric turbulence are a major concern for gigabit data-rates and long-distance optical communications [1, 2] . These scintillations are characterized by the scintillation index (SI),   
Here, 1 ( ) ( , , ) One of the contributors to the SI is beam fragmentation, which is the decay of the initial laser beam into many spatially separated beams. (See Fig. 1 .) There is a probability that these separated beams cannot be detected if the detector size is smaller than the characteristic distance between the beams. The coherent beam is initially oriented along the z-axis. Depending on l, this beam deviates in the x-y-plane. This deviation is defined by the beam wandering (see [4] and references therein): 
The wandering of the beam significantly contributes to the scintillations, 2  , of intensity, l I , on the detector [5] .
It is known that a partially coherent beam (PCB) in combination with a slow time response detector leads to a significant reduction of the SI. (See [6] [7] [8] [9] [10] [11] and references therein.) The idea of the method is the following. For a given state of the atmosphere, l , a coherent laser beam passes through the phase modulator (РМ), which randomly changes the phase of the beam,  , can become quite stable-almost independent of the atmospheric realizations, l . Namely, 2 2    , where 2  is the SI calculated by averaging ˆl I over l . The effectiveness of this approach was experimentally demonstrated in [10, 12] for a simplified model in which the atmospheric turbulence was simulated by a spatial light modulator (atmospheric modulator, AM). A proper choice of РМ allowed the authors of [12] to reduce the SI by a factor of 16 (for 10 M  ) This SI reduction is caused by the formation of significantly smaller-scale speckle structures after the PCB passes the AM, compared with the similar situation for a coherent beam. However, the optimistic theoretical predictions were done in [6, 7, 8]  . The main objective is to design algorithms for the PM that allow us to significantly reduce SI for a relatively small number of realizations, M . The latter is important for practical implementations of longdistance optical communications. In the process of designing of these algorithms, we have examined the propagation of optical vortices (OV) [13] in turbulent atmospheres. As described in detail below, we recommend the use of a РСВ that combines an OV with a Gaussian beam (GB). If the frequencies of these types of beams differ by  , then for a stationary distribution of the phase mask, 0 ( , ) x y  , a significant reduction of the SI can be achieved for the timeaveraged scintillations of intensity,
, where 2 / T    .
Spatial evolution of a coherent laser beam propagating through a turbulent atmosphere
Here we will investigate in the paraxial approximation the spatial evolution of a stationary linearly polarized light beam propagating along the z -axis with vector potential
(Here e is the unit vector in the direction of light polarization; ω is its frequency; and   / 2  k is its wave vector.) The values of the magnetic and electric fields, B and E, are given by
A turbulent atmosphere can be modelled by a system of random phase screens [14] [15] [16] [17] . After passing each of these screens, the beam experiences phase distortions in the   , x y -plane.
The distance between neighboring screens is 50m . Between the screens, the complex amplitude,
, satisfies the Leontovich parabolic equation, 
Equation (3) is solved numerically using a difference method, the Pismen-Reckford scheme being employed [18] . Our finite-difference grid has the following uniform spacings:
l is the inner scale of turbulence. In our numerical simulations, x  and y  are sufficiently small, so that the amplitude, ( , , ) U x y z , (not the intensity 2 ( , , ) U x y z ) varies slowly on this scale.
At the boundary of the computational space, we set ( , , ) 0. U x y z     We do not use the Fourier expansion (FFT subroutine in the IMSL library) for solving Equation (3) because this method 
The root-mean-square radius 2 R characterizes the size of the optical field.
A qualitative explanation of why the narrower beam has a larger deviation, w r , than the broader beam (Fig. 3a) for a fixed atmospheric state, l, is the following. The deviation of the beam from R and W q ) are practically independent of the initial beam radius, at large distances (Fig. 3b) because the beam spreading due to the turbulent atmosphere is significantly larger than the spreading due to beam diffraction. These results are not only in qualitative but also in quantitative agreement with the analytic theory [4, 6] , according to which,
For the cases under consideration, the second term in (7) begins to exceed the first term (which describes diffraction spreading) for 1  . The fragmentation of the broader beam will be more significant, and the SI will be larger. This statement is illustrated in Fig. 4 . In our simulations, the amplitude of the initial field distribution, 0 U , was equal to unity. Consequently, max ( 0) ( 0, 0, 0) 1 In order to compare the levels of fragmentation of the narrower and broader beams, we calculated for each of them the SI, 
The averaging was performed over the circle in the xy -plane containing 95% of the total beam power. The center of this circle is located at ( ) l w r z  . Then, these results are averaged over all atmospheric realizations:
Larger values of ( , ) 3a .) Below we consider the effectiveness of three different approaches to solve this problem by averaging the signal over M PCB realizations for a given atmospheric state, l .
Propagation of a PCB with random phase modulation through a turbulent atmosphere
Here we present the results of our numerical simulations for PCBs which are realized by a PM using phase masks, ( , ) m x y  , generated by the algorithm described in our paper [12] . One realization of the PM is shown in Fig. 6 а. The coherence radius of the РСВ,
r , in the plane 0 z  could be defined by calculating the correlation functions,
which are identical in our case. According to results presented in In this case, according to the theoretical results [7, 8] , the scintillations, One can make the following assumptions about the possible mechanism of reduction of the SI. In the process of propagation, a РСВ will spread significantly for a small coherence radius, [12] , РСВs with a small initial coherence radius were successfully used. But the effect of suppression of the SI was achieved in [12] in conditions for which beam wandering was absent after the atmospheric modulator (diffuser), Fig.10a.) 
Reduction of wandering by using optical vortices in a turbulent atmosphere
Here we demonstrate SI reduction by utilizing the partial suppression of the beam wandering for PCBs in the form of optical vortices (OVs). For convenience, we first present some known results for PCBs with OVs [13] . One way to create an OV is shown in Fig. 11 [19, 20, 21] . A Gaussian laser beam passes through a spiral phase mask which modulates the phase of the beam, ( , ) tan ( The solution of the paraxial equation (3) with the boundary condition (10) has the form [22] : (11) is remarkable in the sense that its wave front is a helical surface with field intensity equal to zero at the axis of propagation, z . In any transverse plane, the field intensity is distributed according to the axially symmetric light circle shown in Fig. 11 . The maximum of intensity occurs on the circumference with radius,
The dark central area in Fig. 11 is caused by the initial helical phase perturbation, ( ) r    . As a result of this perturbation, the "current streamlets" of the electromagnetic energy are the helical lines, which enclose the vortex axis.
Numerical simulations of the propagation of the OVs in turbulent atmospheres were done in [23] . It was discussed in [23] [24] [25] [26] [27] [28] that the OV is less influenced by turbulence: for an OV the value of the SI is smaller, approximately by a factor of 1.5 [23] , compared with the case of a coherent Gaussian beam. The physical processes responsible for this behavior were not discussed in [23] [24] [25] [26] [27] [28] .
Below we show that an OV can compensate its own wandering (which leads in the case of a Gaussian beam to an increased SI, as indicated above). Because of this so-called autocompensation, we may obtain for the OV a lower SI compared with that for a Gaussian beam. However, in order to decrease the SI, the parameter, 0 r , should be chosen in a way that depends on both the index of turbulence The mechanism of auto-compensation is rather simple. First, consider the propagation of an OV through a homogeneous atmosphere. Suppose that 0 I . For these deviations, part of the intensity from the luminous circle (related to the unperturbed OV) falls on the detector anyway. The data in Fig. 12 The effect of auto-compensation is demonstrated in Fig. 13 . In contrast to the Gaussian beam (Fig. 13a) , part of the OV (after a deviation by the atmosphere of the initial ring-shaped distribution of intensity) hits the detector located in the region with the center at 0 r  . (See Fig.  13b.) One might conclude that to achieve of auto-compensation, it is sufficient to create only an initial ring-shaped distribution of intensity (for example, by passing a beam through a mask with an inhomogeneous transparency). However, this action will not provide the desired result. Suppose, that in the distribution (10) we neglected the phase modulation factor, i e  . For this hypothetical beam (HB), we have the distribution of intensity, ( , , 10 ) I x y z km   (see Fig. 14) for the atmospheric state used in Fig. 13 . This distribution is difficult to distinguish visually from that shown in Fig. 13a , calculated for Gaussian beam. This similarity is related to the fact that due to diffraction, the HB rather quickly transforms into a Gaussian-like beam (at 500 1600
At the same time, the orbital momentum of the OV prevents this transformation.
We conclude that to produce auto-compensation, the parameter, 0 r , must correspond to the index of turbulence, Fig. 15.) 
Suppression of scintillations by averaging over the angles of the laser beam
The reduction of the SI achieved by auto-compensation is not sufficient for achieving gigabit data rates and long-distance optical communications. (See Fig.12a.) We used a РСВ, but for each atmospheric state, l , this beam (in fact, an OV) had a single state, without the consequent averaging of intensities, Generally, the angle  must assume several discrete values, i  , 1, 2,..., i I  , for the SI to be reduced sufficiently. Then, for each state of the turbulent atmosphere this set of PCBs is produced by means of phase modulation:
In (13) , ,
corresponds to averaging over the time interval,  .
Note that in this protocol, for each atmospheric state we use a set of PCBs (or a set   ij a  ) that is chosen in advance, instead of using randomly generated sets.
Now we present the results of our numerical simulations for a beam with radius, 0 2 r cm  . As discussed above, the main contributions to the SI, 
 
).
The physical reasons that lead to suppression of the SI are demonstrated in Fig. 16 . Namely, Fig. 16 shows a characteristic set of 24 beams (with scattering parameter 2 25cm   ), which passed two random atmospheric states, 1 l and 2 l . As Fig. 16 demonstrates, the centers of the PCBs, , l (Fig. 16a ) and 2 l (Fig.16b) ; 10 z km  . In these diagrams, the levels of intensity, The reason of this phenomenon is that the deviation of the beams from their initial z-directions is mainly due to large-scale inhomogeneities of the index of refraction, n , with characteristic scales,  , that are much larger than the effective beam radius, In most simulations we have chosen 12 J  . As shown below, 12 J  is optimal for suppression of SI for the chosen parameters ( , for a given z , become less statistically independent in the averaging (14) due to decreased gaps between trajectories of the beams, ,2 ( ) We now discuss the results presented in Fig. 17b . As one can see, a significant suppression of the SI is achieved. Here we concentrate on understanding the statements (i) and (ii).
The scattering parameter, 1 15cm
Suppression of scintillations by using an asymmetric optical vortex
The generation of a set of РСВs that effectively reduces the SI (See Section 4.) faces significant technical problems for high-data-rate optical communication, because the transmission of information at rates above 1 / Gbit s requires a phase modulator, ( , ) ij x y  , with a frequency above 10 10 Hz . Below we discuss one method to solve this technical problem. Consider the properties of a specific РСВ that is a superposition of an optical vortex (OV) and a Gaussian beam. The axes of these beams coincide with the z-axis. The amplitudes of the OV and the Gaussian beam at the plane 0 z  are ( ,0) exp
The parameters of the beams (the amplitudes, and 
In ( For useful suppression of the SI, we used an additional and important element in our numerical model-the phase mask, 0 ( , , 0) x y z   , (independent of time. See Fig. 19 .) The need of this mask is motivated by the following. For the given parameters of the CB (see Fig. 18 ). In this last variant, it was sufficient to choose 4 J  in order to reproduce the result presented in Fig. 20b. (i.e.,  4 sat J  . See. Fig.21a.) This low value for sat J suggests that it might be possible to achieve an even more effective reduction of SI. For the intensities, 
Suppression of scintillations for strong turbulence
Below we present the results of numerical simulations for the case of relatively strong turbulence,  The characteristic size of the speckle field (see Fig. 26d 
